The paper introduces a simple fitting function for quick assessment of proton ranges in biological targets and human tissues. The function has been found by fitting an extensive data set of Monte Carlo proton ranges obtained with the aid of the SRIM-2013 code. The data has been collected for 28 different targets at 8 energies in the interval from 60 MeV to 220 MeV. The paper shows that at a given kinetic proton-beam energy, the Monte Carlo ranges can be satisfactorily fitted by a power function that depends solely on the target density. This is a great advantage for targets, for which the exact chemical composition is not known, or the mean ionizing potential is not reliably known. The satisfactory fit is meant as the fit that stays within the natural range straggling of the Monte Carlo ranges. In the second step, the energy-scaling yielding a universal fitting formula for proton ranges as a function of proton-beam energy and target density is introduced and discussed. This paper is an extended version of the contribution presented at the APCOM2017 conference.
Introduction
Ion therapy is a promising cancer treatment modality for specific types of tumours. Its application requires technological development in the field of accelerator technology [1] [2] [3] , beam transport [4] [5] [6] [7] , radiobiology, dosimetry, treatment planning, etc. Many of these development fields are based on the physics of ion interaction with matter, which is tightly connected to the precise knowledge of ion ranges in different biological targets. The present paper deals with systematic calculation of therapeutic protonbeam ranges in different human tissues. The ranges are calculated by the Monte Carlo module of the SRIM-2013 code (SRIM=Stopping and Ranges of Ions in Matter) [8] . The human tissues that are selected from the SRIM-2013 built-in compound dictionary are characterized by their density. The tissue density is used as the only variable in the range-fitting formula at a given proton-beam energy. The range-to-density data are collected for eight protonbeam energies covering the clinically relevant energy interval from 60 MeV to 220 MeV. This made it possible to find also energy-scaling for the fitting parameters belonging to individual energy sets. The fitting functions have been tested by comparing the fitted ranges with the Monte Carlo ranges. The paper shows that the therapeutic proton-beam ranges in biological and human tissues can be satisfactorily assessed by an extremely simple function of the tissue density. The result can be used for quick assessment of the proton-beam range in human tissues at many clinical and research applications like phantom design and phantom experiments, design and preparation of quality-assurance set-ups, design and preparation of in-vitro biological experiments with human tissues irradiated by proton beams, in-vivo animal experiments, etc.
Materials and methods
The well-established and widely recognized computer program SRIM-2013 (SRIM=Stopping and Ranges of Ions in Matter) [8] was used to calculate proton ranges in the energy interval from 60 MeV to 220 MeV [9] in 28 different biological targets taken from the built-in SRIM compound dictionary. The targets were selected from the category called "Biological materials -Human". The SRIM compound dictionary provides information about chemical composition of each material and its density. We were looking for the range-to-density dependence without taking into account the target chemical composition, because the exact chemical composition of individual tissues and organ structures varies in time and can never be precisely known in clinical practice at the particular moment of patient irradiation. The density is a material parameter that is more stable and can be better correlated with the so-called CT numbers (Hounsfield units) gained from the CT images [10] . Hence the main question of interest is: "Is it possible to predict the ion range as a function of the target density in a material with "unknown" chemical composition?" It must, however, be pointed out that this "unknown" chemical composition is meant within a group of materials with similar chemical composition, like different human tissues. Table 1 summarizes the results of all simulations. 
Results

Fitting the individual energy sets
Data in Tab. 1 represent the mean-value of the range distribution and the natural range straggling shows one standard deviation (square root of the variance) of the range distribution. These data are presented in graphical form in Fig. 1 . Shown points are the ranges calculated by SRIM. Let us call them Monte Carlo ranges, R MC . The vertical error bars represent the range straggling defined as the square root of the variance of the range distribution. Let us call it natural range straggling. This parameter is automatically calculated by SRIM during the Monte Carlo simulation. That is why we will use notation S MC for the natural range straggling. Each range is accompanied by its individual value of the natural range straggling. The natural range straggling can be expressed either directly in millimeters (as in Fig. 1 ) or in percentage of the Monte Carlo range, S MC /R MC × 100% (as in Tab. 1, where the natural range straggling is averaged over all data points belonging to the same energy). The relative natural range straggling is almost the same at all proton-beam energies ranging from 1.43 % to 1.32 % at 60 MeV and 220 MeV, respectively. The data sets corresponding to different energies (60 MeV, 100 MeV, 120 MeV, 140 MeV, 150 MeV, 180 MeV, 200 MeV, and 220 MeV) can be clearly recognized.
The solid lines represent the best analytical fit of the Monte Carlo ranges at given energy. We found out that the best fit was achieved by a power function in the form
where R FIT is the fitted range in mm, ρ is the tissue density in g/cm 3 , A is a coefficient and B is an exponent. The values of the A and B fit-parameters are listed in Tab. 2 together with the statistical R 2 -parameter characterizing the fit quality. These parameters were gained by the "Trendline" routine of MS-EXCEL. It can be seen from Tab. 2, that according to the R 2 -criterion, the worst fit was achieved for the 120 MeV data set. This data is shown in Figure 2 . This data set represents the worst fit according to the R 2 -criterion. Nevertheless, the fitted ranges stay within the natural range straggling at all data points.
Although the R 2 -parameter is commonly used to characterize the fit quality, we were looking for a physicsbased criterion and decided to test whether the fitting function stayed within the natural range straggling. Each Monte Carlo range is accompanied by its individual value of the natural range straggling, S MC (the values quoted in Tab. 1 are averaged over all data points belonging to the same proton-beam energy). For each Monte Carlo range, we calculated the corresponding fitted value, R FIT , using (1) and values from Tab. 2. After that, the deviation of the fitted range from the Monte Carlo range, D , was calculated for each data point as
Finally, the deviation, D , was compared with the relative natural range straggling, S MC , as S MC − D . In case of the positive result, the fitting function stays inside the "error bar" representing the natural range straggling. In case of the negative result, the fitting function extends out of the natural range straggling. Results of the above described test are summarized in Tab. 3. It can be seen that the fitting function stays inside the straggling bars at all data points. The largest deviation of the fitted range from the Monte Carlo range is less than 1.4 % (at 140 MeV) and the average deviation represents less than 28 % of the average natural range straggling.
Energy -scaling
So far, the parameters of the analytical fitting function had to be found individually for each proton-beam energy set. However, it shall be possible to find also an energy-scaling based on some correlation between the fitting parameters and the proton-beam energy. The situation is rather straightforward for the coefficient A that has an obvious physical meaning. It is the fitted range in water (1), R FIT = A (mm) if ρ = 1g/cm 3 . The range in water as a function of the proton-beam energy is a well-studied dependence [11] [12] [13] [14] . We adopted the model proposed in Ref. [14] and fitted the A(E) data by the 4th-order polynomial function
where E is the proton-beam kinetic energy in MeV and the a, b, c, and d coefficients have been gained again by the MS EXCEL "Trendline" routine: a = 6.75 × 10 −9 , b = −9.75 × 10 −6 , c = 7.60 × 10 −3 and d = 8.39 × 10 −2 . The R 2 -parameter of this fit is 0.999976. Figure 3 shows the A(E) data points together with the above described fitting function given by (3) . It can be seen that the fitting model adopted from [14] fits extremely well our data.
In contrast to the A-coefficient, the B-exponent does not show any reasonable dependence on the proton-beam energy (see Tab. 2). Nevertheless, all B-coefficient values are very close to each other. That is why we replaced all of them -purely intuitively -by the average value of 0.797. After applying the energy-scaling, the fitting parameters from Tab. 2 changed to the fitting parameters according to Tab. 4 containing the fitting parameters calculated according to (3) and the average value of the B-exponent. We have repeated the fit-quality test in the same manner as described in the previous subsection using the fitting parameters from Tab. 4 instead of the fitting parameters from Tab. 2. Results of this test are shown in Tab. 5. Table 5 . Results of the fitting test in terms of fit-deviation versus the natural range straggling using the fitting parameters from Tab. 4 resulting from the energy-scaling
The worst data point In this case, the largest deviation of the fitted range from the Monte Carlo range is less than 1.8 % (at 180 MeV) and the average deviation represents less than 31 % of the average natural range straggling.
Discussion and conclusions
It has been shown that for a group of biological materials and human tissues, the proton-beam range can be satisfactorily assed by an analytical function with the only variable -the target density. The best form of this analytical function is a power function with two parameters: the coefficient and the exponent. These parameters were found for 8 energies in the clinically relevant energy interval from 60 MeV to 220 MeV corresponding to the proton-beam range in a water-equivalent tissue from 30.4 mm up to 301 mm, respectively. The fitting was done with the aid of the built-in "Trendline" routine of MS-EXCEL. The ranges were calculated with the SRIM-2013 code and the biological materials were selected from its compound dictionary -Biological materials -Human.
The fit quality was evaluated by the statistical R 2 -parameter that is listed in Tab. 2. The average value of the R 2 -parameter is 0.99915. The worst value is 0.99898 at the proton-beam energy of 120 MeV.
In addition to this, we tested the analytical fitting function with respect to the natural range straggling representing 1-sigma value of the range distribution. The fitting function stays inside the natural range straggling at all data points. The average range straggling for all data points is 1.36 % of the range. The average deviation of the fitted range from the Monte Carlo range is 0.38 % of the Monte Carlo range. This means that on average, the fitting function stays inside 28 % of the natural range straggling, which is an excellent agreement. The worst data point is contained in the energy set belonging to 140 MeV. The natural range straggling of this particular point is 1.42 % of the Monte Carlo range. The deviation of the fitted range from the Monte Carlo range is 1.34 % of the Monte Carlo range. The difference between the natural range straggling and the deviation is 0.08 % of the Monte Carlo range.
In the next step, we found an energy-scaling that allows assessing the proton ranges in biological targets as a function of the kinetic proton-beam energy and the target density. The energy-scaling was based on the 4th-order polynomial fit of the power-function coefficients and average value of the power-function exponents. The energyscaling did worsen slightly the fit quality. The average deviation became 0.41 % of the Monte Carlo range, which corresponds to 31 % of the average natural range straggling. Although this is still a very good agreement, four fitted ranges got out of the natural range straggling. The worst point has been found at 180 MeV with deviation of 1.73 % of the Monte Carlo range, whereas the natural range straggling at this point is 1.37 % of the Monte Carlo range.
As the final conclusion, the energy-scaled fitting formula assesses the ranges with accuracy below 1.8 % of the Monte Carlo range (see Tab. 5, 180 MeV), whereas the fitting of the individual energy sets can be done with accuracy better than 1.4 % of the Monte Carlo range (see Tab. 3, 140 MeV). The biological human targets have been our favorite group of materials selected for this study mainly due to several reasons: (1) the SRIM compound dictionary contains the largest set of materials in this particular category; (2) these materials have rather similar chemical composition and reasonably narrow densityspan; (3) the problem is very relevant from the practical point of view. In real life, getting the exact chemical composition of different organ structures in-vivo is not possible, but their density can be well correlated to the CT-numbers.
Nevertheless, there are other suitable candidates that may profit from our results. The first group of materials could be so-called metallic glasses, especially the softmagnetic metallic alloys. They also feature similar chemical composition [15, 16] and the ion-range data are needed for radiation hardness studies of these materials against ion irradiation [17] [18] [19] [20] [21] . The second possible candidates could be steels; a large family of materials made of the same iron bulk material with different additive elements and processed by different technological treatments. They are important construction materials in nuclear industry [22, 23] (particle accelerators, reactor vessels, etc.). That is why they are also subject to radiation hardness studies against ion and neutron irradiation requiring quick and reasonably accurate assessment of ion ranges [24] [25] [26] [27] .
